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TILTING THEORY OF NOETHERIAN ALGEBRAS
YUTA KIMURA
Abstract. For a ring Λ with a Krull-Schmidt homotopy category, we study mutation theory on 2-term
silting complexes. As a consequence, mutation works when Λ is a complete noetherian algebra, that is, a
module-finite algebra over a commutative complete local noetherian ring R. By using results on 2-term
silting complexes of such noetherian algebras and τ -tilting theory of Artin algebras, we study torsion classes
of the module category of a noetherian algebra. When R has Krull dimension one, the set of torsion classes
of Λ is decomposed into subsets so that each subset bijectively corresponds to a certain subset of the set of
torsion classes of Artin algebras.
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1. Introduction
Tilting theory was originally introduced in the representation theory of algebras, and it plays a central
role in the representation theory. One of the important result of a tilting module or a tilting complex over an
algebra A is that it induces derived equivalences between A and its endomorphism algebra [H,R]. Recently,
there are many studies of derived categories, because derived categories appear in many areas of mathematics.
Among these studies, tilting theory gives the most basic and important observations. More basically, a tilting
module induces an equivalence between a torsion class generated by the tilting module and a certain torsion
free class over the endomorphism algebra [BB]. Many important results on tilting modules over algebras,
including the above equivalences, have developed until now, see [AHK] for instance.
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One of a useful tool to study tilting modules is mutation, which was introduced by Riedtmann and
Schofield [RS]. Mutation is an operation to construct a new tilting module from a given one by replacing
an indecomposable direct summand. The concept of mutation was observed in 2-Calabi-Yau categories as
mutation on cluster tilting objects [BMRRT, IY] and played an important role in categorifications of cluster
algebras and the Fomin-Zelevinsky mutation of quivers.
Silting complexes over an algebra are natural generalization of tilting complexes, which were introduced
by Keller and Vossieck [KV]. It was shown by Aihara and Iyama [AI] that mutation works well on silting
complexes. In particular, mutation behaves quite nicely on 2-term silting complexes. We can observe mutation
on such complexes by using modules in the case where the algebra is finite dimensional over a field, since
2-term silting complexes corresponds to support τ -tilting modules [AIR].
There are many studies of combinatorics of tilting modules and support τ -tilting modules. For a finite
dimensional algebras, see for instance [Ad,DIRRT,M]. One important class of algebras, which is not artinian
and has a nice combinatorics of tilting modules, is preprojective algebras of non-Dynkin type. The algebra
admits families of tilting modules parameterized by Coxeter groups [BIRS,KM]. These tilting modules play
a central role in a categorification of cluster algebras from Lie theory [GLS].
A noetherian algebra Λ is an algebra over a commutative noetherian ring R, which is finitely generated
as an R-module. When Λ is a d-Calabi-Yau algebra, tilting modules over Λ were studied in [IR, IW]. In this
case, tilting modules have a closed connection with Cohen-Macaulay representations of R and the theory of
non-commutative crepant resolutions of Van den Bergh.
Although there are many important studies of noetherian algebras and their tilting modules, tilting theory
of noetherian algebras seems to be not well prepared. In this paper, based on support τ -tilting theory, we
develop tilting theory of noetherian algebras. In addition, we apply tilting theory to study the classification
problem of torsion classes of the category of finitely generated modules.
In [AIR] for a finite dimensional algebra A, the following statements were proved.
(i) Mutation on support τ -tilting A-modules exist.
(ii) There is a bijection between support τ -tilting A-modules and functorially finite torsion classes of
modA.
(iii) There is a bijection between support τ -tilting A-modules and 2-term silting complexes of A.
We see that the above statements hold for complete noetherian algebras (or more general rings). It is known
that for a suitable setting, similar statements of (ii) and (iii) hold [AMV, IJY]. Therefore we first study
mutation property over noetherian algebras. If Λ is a noetherian algebra (or a more general ring), then
the Auslander-Reiten translation τ no longer exists. Therefore we need to modify the definition of support
τ -tilting modules. We study silting modules defined as follows (for notation used bellow, see Section 2).
Definition 1.1 (Definition 2.20). Let Λ be a ring. We say that a Λ-module M is a silting module if there
exists a 2-term silting complex P in Kb(projΛ) such that addM = addH0(P ).
The name ”silting module” was first used in [AMV] and its definition contains infinitely generated modules.
On the other hand, our silting modules are finitely presented by definition. This enables us to study mutation
process, to calculate these modules concretely, and to apply τ -tilting theory of finite dimensional algebras to
study torsion classes of noetherian algebras.
From now on, we write results which are shown in this paper. In Section 2, we first construct mutation
theory on 2-term silting complexes over noetherian algebras. To establish it, we consider more general setting,
that is, a ring such that the homotopy category Kb(projΛ) of finitely generated projective Λ-modules is Krull-
Schmidt. More precisely, we see when an almost complete 2-term presilting complex is a direct summand of
2-term silting complexes. For a 2-term presilting complex P in K = Kb(projΛ), a completion of P is a 2-term
silting complex which has P as a direct summand. If there exists a right (addP )-approximation f of Λ[1] in
K, then P ⊕ (C(f)[−1]) is a completion of P , which we call the Bongartz completion of P . The co-Bongartz
completion of P is defined dually. For notation used in the statement below, see Section 2.
Theorem 1.2 (Lemma 2.12 and Proposition 2.15). Let Λ be a ring such that Kb(projΛ) is Krull-Schmidt
and P be an almost complete 2-term presilting complex.
(a) If there exists a 2-term silting complex which having P as a direct summand, then it is either the
Bongartz completion or the co-Bongartz completion of P .
(b) If P admits both the Bongartz completion and the co-Bongartz completion, then the latter is an
irreducible left mutation of the former.
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If Λ is a module-finite R-algebra, where R is a commutative complete local noetherian ring, then the
(co-)Bongartz completion of any almost complete 2-term presilting complex exists. Thus this theorem says
that, in this algebra Λ, mutation works on 2-term silting complexes.
In Subsection 2.3, we describe mutation on silting modules. In some studies [AIR, IJY], a bijection
between 2-term silting complexes and silting modules (or, support τ -tilting modules) was given. In general,
it is difficult to calculate mutation on 2-term silting complexes. By using the bijection, silting modules (or
pairs) enable us to calculate 2-term silting complexes explicitly. In Subsection 2.4, we see that the mutation
quiver of 2-term silting complexes corresponds to the Hasse quiver of that under some finiteness assumption
(B) on a ring Λ.
In Sections 3 and 4, we concentrate on a module-finite R-algebra Λ, where R is a commutative complete
local noetherian ring. A bijection between functorially finite torsion classes of modΛ and silting Λ-modules
is shown in Section 3, which is originally shown by Adachi, Iyama and Reiten [AIR] when Λ is a finite
dimensional algebra.
Theorem 1.3 (Theorem 3.8). A map M 7→ Fac(M) gives a bijection from the first of the following set to
the second:
• The set siltΛ of isomorphism classes of basic silting Λ-modules.
• The set f-torsΛ of functorially finite torsion classes of modΛ.
In Section 4, we study a reduction theorem. If A is a finite dimensional algebra, then it is known that
support τ -tilting modules over A bijectively corresponds to that over a certain factor algebra A/I [EJR].
Motivated by this result, we show the following reduction theorem. Let m be the maximal ideal of R.
Theorem 1.4 (Theorem 4.5). Let I ⊂ R be a two-sided ideal of R which is contained in m. A map
M 7→M/IM gives a bijection from the first of the following set to the second:
• The set siltΛ of isomorphism classes of basic silting Λ-modules.
• The set silt(Λ/IΛ) of isomorphism classes of basic silting (Λ/IΛ)-modules.
Moreover, this bijection preserves mutation.
In Section 5, we study the set torsΛ of all torsion classes of modΛ by giving some bijections. In the case
where Λ = R, the classification problem of subcategories of modR was developed by many mathematicians
[G,SW]. In this case, torsion classes ofmodR bijectively correspond to specialization closed subsets of Spec(R).
Similarly, in the case where Λ is non-commutative, there exists a map from the specialization closed subsets
of Spec(R) to torsΛ, but this is not necessarily bijective.
Firstly, we begin with investigating the set tors(flΛ) of all torsion classes of the category of finite length
Λ-modules. As we see in the following, the structure of R does not affect to tors(flΛ) so much. In fact,
tors(flΛ) bijectively corresponds to the set product of tors(flΛm), where R is not necessary local, Λm is the
localization of Λ at a maximal ideal m of R, and m runs all maximal ideal of R, which is observed in [IK].
Therefore, in the following theorem, we assume R to be local.
Theorem 1.5 (Theorem 5.4). Let Λ be a module-finite R-algebra, where R is a commutative local noetherian
ring with the maximal ideal m. Then there exists a bijection
tors(flΛ) −→ tors(Λ/mΛ)
given by T 7→ mod(Λ/mΛ) ∩ T .
This theorem means that torsion classes of the category of finite length Λ-modules are controlled by those
of finite dimensional algebras. So the theorem gives a useful bridge between studies of torsion classes of
module-finite algebras and finite dimensional algebras.
Next we observe all torsion classes of modΛ. In the study of torsΛ, an important tool is the localization
functor at a prime ideal of R. So if R is a special class of commutative noetherian rings, then torsΛ becomes
easier as follows. We assume R to be a commutative local noetherian integral domain with Krull dimension
one, and let K be the fractional field of R. Then for a module-finite R-algebra Λ, a finite dimensional
K-algebra A := K ⊗R Λ is called an ambient algebra of Λ. For a subcategory C of modΛ, let C
+ = {M ∈
modΛ | Fac(M) ∩ flΛ ⊂ C} be a subcategory of modΛ, and let K ⊗R C = KC := {K ⊗R M | M ∈ C} be a
subcategory of modA. For a torsion class T of modΛ, let
[
T , T +
]
Λ
= {C ∈ torsΛ | T ⊂ C ⊂ T +}.
4 Y. KIMURA
Theorem 1.6 (Theorem 5.9). Let Λ be a module-finite R-algebra, where R is a commutative local integral
domain with Krull dimension one. Let A be the ambient algebra of Λ. Then we have the following equality
and a bijection
torsΛ =
∐
T
[
T , T +
]
Λ
K(−)
−−−→
∐
T
[
0, K(T +)
]
A
,
where T runs all torsion class of flΛ, and middle and right terms are disjoint unions.
If Λ/mΛ is a τ -tilting finite algebra [DIJ], then the description is easier, see Corollary 5.10. In [IK], we
observe the map of Theorem 1.6 for an arbitrary commutative noetherian ring R.
As a corollary of Theorem 1.6, we have the following result.
Corollary 1.7 (Corollary 5.11). Assume moreover that R is complete with the maximal ideal m. Then torsΛ
is a finite set if and only if tors(Λ/mΛ) and torsA are finite sets.
In Section 6, we calculate some examples by using the above theorems.
Notation and convention. All subcategories are assumed to be full and closed under isomorphisms.
For an object M of an additive category C, we denote by addM the full subcategory of C consisting of
direct summands of finite direct sums of copies of M .
An additive category is said to be Krull-Schmidt if each object is a finite direct sum of objects such that
their endomorphism algebras are local. LetM be an object of a Krull-Schmidt category andM =
⊕l
i=1M
⊕mi
i
be a direct sum decomposition of M , where each Mi is indecomposable and Mi 6≃Mj if i 6= j. Put |M | := l
and we say that M is basic if mi = 1 for each i = 1, . . . , l.
We say that two objects M,N in an additive category are additively equivalent if addM = addN holds.
If the additive category is Krull-Schmidt and M and N are basic, then they are additively equivalent if and
only if they are isomorphic to each other.
Let C be a Krull-Schmidt category. A morphism f : X → Y in C is said to be right minimal if f does not
have a direct summand of the form Z → 0. It is known that f is right minimal if and only if each morphism
g : X → X which satisfies fg = f is an isomorphism. Dually, we define left minimal morphisms.
Let C be a subcategory of an additive category B and B ∈ B. A right C-approximation of B is a morphism
f : C → B such that C ∈ C and the map f∗|C : HomB(−, C)|C → HomB(−, B)|C is surjective. We say
that C is contravariantly finite in B if each object in B has a right C-approximation. Dually, we define a left
C-approximation of B and covariantly finite subcategories in B. A subcategory of B is said to be functorially
finite if both covariantly and contravariantly finite in B.
Let C be an additive category. An ideal I of C is a class of morphisms of C such that I(X,Y ) is an additive
subgroup of HomC(X,Y ) for any X,Y ∈ C and satisfies hgf ∈ I(W,Z) for any f ∈ HomC(W,X), g ∈ I(X,Y )
and h ∈ HomC(Y, Z). We denote by JC the Jacobson radical of C, see [ASS, Appendix] for instance.
Let A be a ring. We denote by ModA (resp. modA, fpA, projA) the category of (resp. finitely generated,
finitely presented, finitely generated projective) left A-modules and denote by Kb(projA) the bounded ho-
motopy category of projA. For M ∈ modA, we denote by Fac(M) the full subcategory of modA consisting of
factor modules of modules in add(M).
Let R be a commutative ring. An R-algebra is a ring Λ with a ring homomorphism φ : R → Λ such that
the image of φ is contained in the center of Λ. For a subset S ⊂ Λ, we denote by 〈S〉 the two-sided ideal of
Λ generated by S.
For a triangulated category T and a morphism f in T , we denote by C(f) the mapping cone of f in T .
2. Silting complexes and mutations
In this section, we study mutation on 2-term silting complexes by observing (co-)Bongartz completions of
almost complete 2-term presilting complexes.
2.1. Silting complexes. In this subsection, we recall preliminary results on silting complexes. Let Λ be a
ring. We first recall the definition of (2-term) silting complexes in K = Kb(projΛ). We give one relation on
objects in K which plays an important role in silting theory.
Definition 2.1. For X,Y ∈ K, we write X ≥ Y if HomK(X,Y [i]) = 0 for i > 0.
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A complex P = (Pi, di : Pi → Pi+1) in K is said to be 2-term if Pi = 0 for i 6= 0,−1. It is easy to see that
P ∈ K is isomorphic to a 2-term complex if and only if Λ ≥ P ≥ Λ[1] holds.
For an object P ∈ K , we denote by thickK P the smallest triangulated subcategory of K containing P and
closed under direct summands.
Definition 2.2. Let P ∈ K = Kb(projΛ).
(1) P is presilting in K if HomK(P, P [i]) = 0 for i > 0.
(2) P is silting in K if P is presilting and thickK P = K
b(projΛ) holds.
(3) A 2-term presilting (resp. 2-term silting) complex in K is a presilting (resp. silting) complex in K
which is a 2-term complex.
We denote by siltΛ (resp. 2-siltΛ, 2-psiltΛ) the set of additive equivalence classes of silting (resp. 2-term
silting, 2-term presilting) complexes in K.
Silting objects and the relation ≥ were studied by Aihara and Iyama. Here we recall some of their results
which we use later.
Proposition 2.3. [AI] The following statements hold.
(a) The relation ≥ gives a partial order on siltΛ.
(b) Assume that K = Kb(projΛ) is Krull-Schmidt. Then for each silting complex P in K, indecomposable
direct summands of P give a free basis of the Grothendieck group of K. In particular, |P | = |Λ| holds.
The following lemma is a direct consequence of Proposition 2.3 (b).
Lemma 2.4. Assume that K = Kb(projΛ) is Krull-Schmidt. Let P be a presilting complex such that there
exists a silting complex having P as a direct summand. Then P is a silting complex if and only if |P | = |Λ|
holds.
For a given 2-term presilting complex P , the following lemma gives a sufficient condition such that there
exists a 2-term silting complex having P as a direct summand. The 2-term silting complex obtained by the
lemma is called (co-)Bongartz completion, which is a key concept in Section 2.
Lemma 2.5. Let P ∈ K be a 2-term presilting complex.
(a) Assume that there exists a right (addP )-approximation f of Λ[1] in K. Then P ⊕ C(f)[−1] is a
2-term silting complex in K.
(b) Assume that there exists a left (addP )-approximation g of Λ in K. Then P ⊕C(f) is a 2-term silting
complex in K.
Proof. See [Ai, Proposition 2.16] and [IJY, Lemma 4.2]. 
For a 2-term presilting complex P ∈ K, if there exists a right (addP )-approximation f of Λ[1] in K, then
we call P ⊕C(f)[−1] the Bongartz completion of P . Dually, if there exists a left (addP )-approximation g of
Λ in K, then we call P ⊕ C(g) the co-Bongartz completion of P . It is fundamental that there exists a right
(addP )-approximation of Λ[1] in K if and only if HomK(P,Λ[1]) is a finitely generated EndK(P )-module.
The Bongartz completion (resp. co-Bongartz completion) of P satisfies the following maximal (resp.
minimal) condition. In particular, it is independent of a choice of a right (addP )-approximation (resp. a left
(addP )-approximation) up to additive equivalence.
Lemma 2.6. Let P be a 2-term presilting complex.
(a) Assume that there exists the Bongartz completion P ⊕Q of P . If P ⊕U is a 2-term silting complex,
then we have P ⊕Q ≥ P ⊕ U .
(b) Assume that there exists the co-Bongartz completion P⊕Q of P . If P⊕U is a 2-term silting complex,
then we have P ⊕Q ≤ P ⊕ U .
Proof. The proof is easy. 
2.2. Mutation on 2-term silting complexes. In this subsection, we assume that K = Kb(projΛ) is a
Krull-Schmidt category. For instance, Kb(projΛ) is a Krull-Schmidt category if Λ is one of the following
rings.
Example 2.7. LetK be a field. If Λ is one of the following rings, then Kb(projΛ) is a Krull-Schmidt category.
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(a) A finite dimensional K-algebra Λ.
(b) A module-finite R-algebra Λ, where R is a commutative complete local noetherian ring, and Λ is a
finitely generated as an R-module.
(c) A complete Jacobian K-algebra Λ of a quiver with potentials, where the quiver is finite.
In fact, algebras of Example 2.7 satisfy the assumption (F) of [KM, Section 4], thus we can see that the
homotopy categories of such algebras are Krull-Schmidt by [KM, Corollary 4.6].
We say that a presilting complex P ∈ K is almost complete if |P | = |Λ| − 1 holds. In this subsection, we
observe under which conditions an almost complete 2-term silting complex is a direct summand of 2-term
silting complexes. Since K is Krull-Schmidt, 2-siltΛ bijectively corresponds to the set of isomorphism classes
of basic 2-term silting complexes.
We first recall left and right mutations of silting complexes.
Definition 2.8. [AI, Definition 2.30, Theorem 2.31] Let X ⊕ Y be a silting complex in K such that addX ∩
addY = 0.
(1) Assume that there exists a left (addX)-approximation f of Y in K. Then X ⊕ C(f) is a silting
complex in K and we call this silting complex a left mutation of X⊕Y at Y . If Y is indecomposable,
then this mutation is said to be irreducible.
(2) Assume that there exists a right (addX)-approximation g of Y in K. Then X ⊕C(g)[−1] is a silting
complex in K and we call this silting complex a right mutation of X⊕Y at Y . If Y is indecomposable,
then this mutation is said to be irreducible.
(3) Two silting complexes are said to be mutations of each other if these silting complexes have a common
almost complete presilting complex as a direct summand.
Example 2.9. Let Λ be a finite dimensional algebra, or a module-finite R-algebra as in Example 2.7 (a)
and (b). Then for any complex P ∈ K, addP is functorially finite in K. In particular, if P is a basic silting
complex, then there always exist a left and a right mutation of P at any direct summand of P .
We begin with the following observation, which is important throughout this section. For subcategories
X and Y of K, we denote by X ∗ Y the subcategory of K consisting of objects Z such that there exists a
triangle X → Z → Y → X [1] with X ∈ X and Y ∈ Y. We can show the following lemma by applying some
propositions in [AI]. Here for the convenience of readers, we write the proof.
Lemma 2.10. Let S ∈ 2-psiltΛ and T ∈ 2-siltΛ. Assume that S ≥ T . Then there exists a triangle
S
f
−→ T0 → T1 → S[1] (2.1)
which satisfies that f is a left minimal (addT )-approximation of S and addT0 ∩ addT1 = 0. If moreover S is
silting, then add(T0 ⊕ T1) = addT holds.
Proof. Since T is silting, by [AI, Proposition 2.23], K =
⋃
i≥0 add(T )[−i] ∗ add(T )[−i + 1] ∗ · · · ∗ add(T )[i]
holds. We have Λ ≥ S ≥ T ≥ Λ[1]. Therefore S ∈ addT [−1] ∗ addT holds. There exists a triangle
T ′1[−1]→ S
f ′
−→ T ′0
g′
−→ T ′1,
where T ′0, T
′
1 ∈ addT . Since T is silting, f
′ is a left (addT )-approximation of S. We can write f ′ = t(f, 0) :
S → T0 ⊕ T
′′
0 , where f is a left minimal (addT )-approximation of S. Then we have a triangle
T1[−1]→ S
f
−→ T0
g
−→ T1,
such that g is in JK and T1 is a direct summand of T
′
1. To show addT0 ∩ addT1 = 0, it is enough to see that
any morphism a : T0 → T1 belongs to JK. Since S is presilting, we have the following commutative diagram.
S T0 T1 S[1]
T0 T1 S[1] T0[1]
f
b
g
a c
g
Since f is a left (addT )-approximation, there exists d : T0 → T0 such that df = b. Since (a− gd)f = 0, there
exists h : T1 → T1 such that a = gd+ hg. Therefore a belongs to JK.
If S is silting, then by Proposition 2.3 (b), add(T0 ⊕ T1) = addT holds. 
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Lemma 2.10 induces a characterization of an almost complete 2-term presilting complex which is a direct
summand of a 2-term silting complex.
Lemma 2.11. Let P be an almost complete 2-term presilting complex in K. Then the following statements
are equivalent.
(i) There exists a 2-term silting complex in K which has P as a direct summand.
(ii) There exist either a right (addP )-approximation of Λ[1] or a left (addP )-approximation of Λ.
(iii) There exists either the Bongartz completion of P or the co-Bongartz completion of P .
In this case, the 2-term silting complex in (i) is either the Bongartz completion of P or the co-Bongartz
completion of P .
Proof. (ii) and (iii) are equivalent by the definition of (co-)Bongartz completions. Assume that (i) holds.
Let T = P ⊕ U be a 2-term silting complex. We may assume that U is indecomposable. Since T is 2-term,
Λ ≥ T holds. By Lemma 2.10, there exists a triangle Λ→ T0 → T1 → Λ[1] satisfying addT0∩ addT1 = 0 and
add(T0 ⊕ T1) = addT . Either one of U ∈ addT0 or U ∈ addT1 holds. The former implies the existence of a
right (addP )-approximation of Λ[1], and in this case T is the Bongartz completion of P . The latter implies
the existence of a left (addP )-approximation of Λ, and in this case T is the co-Bongartz completion of P .
By taking the (co-)Bongartz completion of P , we see that (ii) implies (i). 
The following lemma is a direct consequence of Lemma 2.11.
Lemma 2.12. Let P be an almost complete 2-term presilting complex in K.
(a) There exist at most two isomorphism classes of basic 2-term silting complexes which have P as a
direct summand.
(b) If there exist two distinct isomorphism classes of basic 2-term silting complexes which have P as
a direct summand, then the one is the Bongartz completion of P and the other is the co-Bongartz
completion of P .
Conversely, we have the following lemma.
Lemma 2.13. If an almost complete 2-term presilting complex P admits both the Bongartz completion and
the co-Bongartz completion, then these are not additively equivalent.
Proof. Let g : P ′ → Λ[1] be a right minimal (addP )-approximation of Λ[1] and f ′ : Λ→ P ′′ be a left minimal
(addP )-approximation of Λ. We have triangles
Λ→ X → P ′
g
−→ Λ[1], Λ
f ′
−→ P ′′ → Y
g′
−→ Λ[1],
where X = C(g)[−1] and Y = C(f ′). Then P ⊕ X is the Bongartz completion of P , and P ⊕ Y is the
co-Bongartz completion of P . It is easy to see that g is a right minimal (addP ⊕X)-approximation of Λ[1]
and g′ is a right minimal (addP ⊕Y )-approximation of Λ[1]. If add(P ⊕X) = add(P ⊕Y ) holds, then Y ≃ P ′.
This means that |P ⊕ Y | = |P |, which is a contradiction. Thus we have add(P ⊕X) 6= add(P ⊕ Y ). 
Then we have the following proposition.
Proposition 2.14. Let P be an almost complete 2-term presilting complex in K. Then the following state-
ments are equivalent.
(i) There exist two distinct isomorphism classes of basic 2-term silting complexes which have P as a
direct summand.
(ii) There exist both a right (addP )-approximation of Λ[1] and a left (addP )-approximation of Λ.
(iii) P admits both the Bongartz completion and the co-Bongartz completion.
In this case, the two 2-term silting complexes are the Bongartz completion of P and the co-Bongartz completion
of P .
Proof. Clearly (ii) and (iii) are equivalent. By Lemmas 2.12 and 2.13, (iii) and (i) are equivalent. 
If an almost complete 2-term presilting complex P admits both the Bongartz completion and the co-
Bongartz completion, then by definition they are mutations of each other. We see that the co-Bongartz
completion is obtained by an irreducible left mutation of the Bongartz completion.
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Proposition 2.15. Let P be a basic almost complete 2-term presilting complex in K. Assume that P admits
both the Bongartz completion P ⊕ Q and the co-Bongartz completion T = P ⊕ U . We may assume that Q
and U are indecomposable. By Lemma 2.6, P ⊕Q ≥ T holds. Take a triangle
Q
f
−→ T0 → T1 → Q[1], (2.2)
as (2.1) in Lemma 2.10, that is, f is a left minimal (addT )-approximation of Q and addT0 ∩ addT1 = 0.
Then the following statements hold.
(a) f is a left minimal (addP )-approximation of Q.
(b) U ≃ T1 holds.
Proof. By adding a triangle P
id
−→ P → 0→ P [1] to the triangle (2.2), we have a triangle
P ⊕Q
[
id 0
0 f
]
−−−−→ P ⊕ T0 → T1 → (P ⊕Q)[1],
where
[
id 0
0 f
]
is a left minimal (addT )-approximation of P ⊕Q. By Lemma 2.10, add(P ⊕T0)∩addT1 = 0 and
add(P⊕T0⊕T1) = addT hold. Since U /∈ addP , exactly one of U ∈ addT0 or U ∈ addT1 holds. If U ∈ addT0,
then |P ⊕T0| = |T | = |Λ| holds. This implies addT1 = 0. Thus f is an isomorphism, which is a contradiction.
We have U ∈ addT1. Then addT0 ⊂ addP holds, and f is a left minimal (addP )-approximation of Q.
Since U ∈ addT1 and add(P ⊕ T0) ∩ addT1 = 0, we have addU = addT1. Because U is indecomposable,
U⊕ℓ ≃ T1 for some ℓ ≥ 1. The triangle (2.2) implies that [Q] + ℓ[U ] = [T0] in the Grothendieck group of
K. By the dual statement of Lemma 2.10 and by the similar argument as above, there exists a triangle
Q⊕m → P ′ → U
g
−→ Q⊕m[1] such that g is a right minimal (addP )-approximation of Q⊕m[1] and m ≥ 1.
This triangle induces m[Q] + [U ] = [P ′] in the Grothendieck group of K. By Proposition 2.3 (b), ℓ = m = 1
holds. Namely, T1 ≃ U is indecomposable. 
The following example gives an almost complete 2-term presilting complex admitting the Bongartz com-
pletion, but no the co-Bongartz completion.
Example 2.16. Assume that there exists a primitive idempotent e ∈ Λ such that Λe is not a finitely
generated eΛe-module. Then Λ(1 − e) does not admit the co-Bongartz completion. On the other hand,
Λ(1 − e) always admits the Bongartz completion, that is, Λ. We give one concrete algebra which fits into
this situation as follows.
Let K be a field and Q be the following quiver
1 2
Let Λ := K̂Q be the completed path algebra of Q, that is, Λ is a completion of the path algebra KQ by
the arrow ideal. Then we have two indecomposable projective Λ-modules Λe1 and Λe2. Note that KQei has
K-basis the set of all paths starting from i. Clearly, there exists a right (addΛe1)-approximation of Λ[1] in
K, but there exist no left (addΛe1)-approximation of Λ in K. Therefore, there exists only one 2-term silting
complex having Λe1 as a direct summand, that is Λ.
We end this subsection by observing mutation on modules which are 0-th cohomology of 2-term silting
complexes. Proposition 2.18 together with silting modules in Subsection 2.3 gives us a concrete method
to calculate mutation on 2-term silting complexes, see Proposition 2.26. We need the following lemma of
Bongartz completions. For a 2-term complex P in K, we denote by ρ1(P ) the maximal direct summand of
P which belongs to (projΛ)[1].
Lemma 2.17. Let P = (d : P−1 → P0) be a morphism in projΛ. We regard this as an object of C
b(projΛ)
and Kb(projΛ). Then the following statements hold.
(a) In Cb(projΛ), P decomposes as follows
P ≃ (W−1
dw−−→W0)⊕ (X
idX−−→ X)⊕ (Y → 0)⊕ (0→ Z), (2.3)
where dw is a right and a left minimal morphism in projΛ, and belongs to the Jacobson radical JprojΛ.
(b) Let P ′
α
−→ Λ[1] be a right (addP )-approximation of Λ[1] in K and Q := C(α)[−1], where C(α) is a
cone of f in Kb(projΛ). Then we have add(ρ1(Q)) ⊂ add(ρ1(P )).
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Proof. (a) Since projΛ is a Krull-Schmidt category, the assertion holds.
(b) We use the decomposition (2.3) of P . Then
P ≃ (W−1
dw−−→W0)⊕ (Y → 0)⊕ (0→ Z), ρ1(P ) ≃ (Y → 0)
hold. Q is isomorphic to the following 2-term complex in K:
P ′−1 P
′
0
Y ′ Λ,
d′
f
g
where Y ′ ∈ addY and d′ is a right minimal morphism in projΛ. Let V be an indecomposable Λ-projective
module such that (V → 0) is in add(ρ1(Q)). Then V belongs to either add(Y
′) or add(P ′−1). If the first case,
the assertion holds. If the latter case, this is a contradiction since d′ is a right minimal morphism. 
Let U be a 2-term complex in K. By the definition of ρ1, H
0(U) = 0 if and only if ρ1(U) ≃ U in K. If U
is indecomposable, then exactly one of ρ1(U) ≃ U or ρ1(U) = 0 holds. We say that a Λ-module M is sincere
if for P ∈ projΛ, HomΛ(P,M) = 0 implies P = 0.
Proposition 2.18. Let P be a basic almost complete 2-term presilting complex admitting both the Bongartz
completion P ⊕ Q and the co-Bongartz completion P ⊕ U , where Q,U are indecomposable. By Proposition
2.15, there exists a triangle Q
f
−→ P ′ → U → Q[1] as (2.2) in Proposition 2.15 such that f is a left minimal
(addP )-approximation. Then the following statements hold.
(a) H0(Q) 6= 0.
(b) Let e ∈ Λ be an idempotent such that add ρ(P ) = addΛe. Then H0(U) = 0 if and only if H0(P ) is
not a sincere (Λ/〈e〉)-module.
(c) We have an exact sequence
H0(Q)
H0(f)
−−−−→ H0(P ′)→ H0(U)→ 0, (2.4)
where H0(f) is a left minimal (addH0(P ))-approximation of H0(Q).
Proof. (a) Let g be a right minimal (addP )-approximation of Λ[1] and Q′ = C(g)[−1]. Then we have
Q ∈ addQ′. By Lemma 2.17, add(ρ1(Q
′)) ⊂ add(ρ1(P )) holds. If H
0(Q) = 0, then ρ1(Q) ≃ Q holds. Thus
we have addQ ⊂ addP . This is a contradiction, so we have H0(Q) 6= 0.
(b) Assume that H0(U) = 0. Then there exists a primitive idempotent e′ of Λ such that e′ /∈ 〈e〉 and
Λe′[1] ≃ U . Since e′H0(P ) ≃ HomK(Λe
′[1], P [1]) = 0, H0(P ) is not a sincere (Λ/ 〈e〉)-module. Conversely, if
H0(P ) is not a sincere (Λ/ 〈e〉)-module, then there exists a primitive idempotent e′ of Λ such that e′ /∈ 〈e〉
and e′H0(P ) = 0. By Proposition 2.14 and H0(Q) 6= 0, Λe′[1] is isomorphic to U and we have H0(U) = 0.
(c) By taking the 0-th cohomology of Q
f
−→ P ′ → U → Q[1], we have the exact sequence (2.5). Since
H0(U) is indecomposable or zero, H0(f) is left minimal. Since f is a left (addP )-approximation of Q, H0(f)
is a left (addH0(P ))-approximation of H0(Q). 
2.3. Silting modules. In this subsection, we assume that the homotopy category K = Kb(projΛ) is Krull-
Schmit. We remark the following lemma about the Krull-Schmidt property without a proof.
Lemma 2.19. Let Λ be a ring such that Kb(projΛ) is Krull-Schmidt and e ∈ Λ be an idempotent. Then the
categories fpΛ, projΛ and Kb(projΛ/〈e〉) are also Krull-Schmidt.
We study silting modules which are finitely generated ones, defined as follows.
Definition 2.20. We say that a finitely generated Λ-module M is a silting module (resp. presilting module)
if there exists a 2-term silting complex (resp. 2-term presilting complex) P in Kb(projΛ) such that addM =
addH0(P ). We denote by siltΛ the set of isomorphism classes of basic silting Λ-modules.
As 0-th cohomologies of 2-term silting complexes, together with Definition 2.22, silting modules have been
studied [AMV, IJY], also known as support τ -tilting modules [AIR]. In this subsection, we recall some basic
properties of silting modules. For instance, there is a bijection between 2-term silting complexes and silting
modules, see Theorem 2.23. In general, it is difficult to calculate mutation on 2-term silting complexes. By
using the bijection, silting modules enable us to calculate 2-term silting complexes explicitly.
10 Y. KIMURA
Since fpΛ is a Krull-Schmidt category, eachM ∈ fpΛ admits a minimal projective presentation with finitely
generated projective Λ-modules. We remark the following fundamental lemma.
Lemma 2.21. Let M ∈ fpΛ and P1
d
−→ P0 be a minimal projective presentation of M . Then M is a presilting
module if and only if HomΛ(d,M) is a surjective map.
Proof. It is easy to see that the 2-term complex P1 → P0 is presilting if and only if HomΛ(d,M) is surjective.
Thus we have the assertion. 
Definition 2.22. Let M ∈ fpΛ and P ∈ projΛ, we say that a pair (M,P ) is a presilting pair if M is a
presilting module and HomΛ(P,M) = 0. A presilting pair (M,P ) is a silting pair if it satisfies the following
two statemetns:
• For each Q ∈ projΛ, HomΛ(Q,M) = 0 if and only if Q ∈ projΛ.
• There exists an exact sequence Λ
f
−→ M0 → M1 → 0 with a left (addM)-approximation f and
M0,M1 ∈ addM .
We say that a pair (M,P ) is basic if M and P are basic, and say that (M,P ) is isomorphic to (N,Q) if M
is isomorphic to N and P is isomorphic to Q.
Since projΛ is Krull-Schmidt, Λ admits a finite indecomposable direct sum decomposition as a left Λ-
module. Such a decomposition induces a pairwise orthogonal primitive idempotents {ei | i ∈ I} of Λ such
that 1Λ =
∑
i∈I ei, where I is a finite set. We fix one such idempotents {ei | i ∈ I}. For each Λ-module M ,
there exists a maximal subset J of I such that ejM = 0 for any j ∈ J . In this case, we say that e =
∑
j∈J ej
is the maximal idempotent (with respect to {ei | i ∈ I}) with a property eM = 0.
There exists a bijection between silting modules and 2-term silting complexes, which was shown in [AIR]
in the case where Λ is a finite dimensional algebra. Here we refer [IJY]. For a 2-term complex P in K, we
denote by ρ1(P ) the maximal direct summand of P which belongs to (projΛ)[1].
Theorem 2.23. [IJY, Theorem 3.3]
(a) The map P 7→ (H0(P ), ρ1(P )[−1]) gives a bijection from the first of the following sets to the second:
(i) The set of isomorphism classes of basic 2-term presilting complexes.
(ii) The set of isomorphism classes of basic presilting pairs.
(b) The bijection in (a) restricts to a bijection from the first of the following sets to the second:
(i) The set of isomorphism classes of basic 2-term silting complexes.
(ii) The set of isomorphism classes of basic silting pairs.
Moreover, the map (M,P ) 7→M gives a bijection from the set (ii) to the following one.
(iii) The set of isomorphism classes of basic silting module.
The map M 7→ Q ⊕ (Λe[1]) gives a bijection from (iii) to (i), where Q is a minimal projective
presentation of M and e ∈ Λ is the maximal idempotent such that eM = 0.
Let (M,P ) and (N,Q) be presilting pairs. We say that (M,P ) is a direct summand of (N,Q) ifM ∈ addN
and P ∈ addQ hold. The following lemma is a module version of Lemma 2.4.
Lemma 2.24. Let (M,P ) be a presilting pair such that there exists a silting pair having (M,P ) as a direct
summand. Then (M,P ) is a silting pair if and only if |M |+ |P | = |Λ| holds.
Proof. Let S be a minimal projective presentation of M . Then |M | = |S| holds. If (M,P ) is a silting pair,
then |M |+ |P | = |S|+ |P | = |Λ| holds by Proposition 2.3 and Theorem 2.23. Conversely, if |M |+ |P | = |Λ|,
then S ⊕ (P [1]) is a 2-term silting complex by Lemma 2.4. By Theorem 2.23, the corresponding pair (M,P )
is a silting pair. 
If Λ is a finite dimensional algebra, then a silting pair is just a support τ -tilting pair, see the following
example.
Example 2.25. If Λ is a finite dimensional algebra or a module-finite R-algebra as in Example 2.7 (b). Then
for any complex P ∈ K, addP is functorially finite in K. In particular, each 2-term presilting complex in K
is a direct summand of a 2-term silting complex.
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(a) Let Λ be a finite dimensional algebra. In [AIR], a silting pair (M,P ) is said to be support τ -tilting if
|M |+ |P | = |Λ| holds. By Lemma 2.24, it is equivalent to that (M,P ) is a silting pair. We can also
show this equivalence by [J, Proposition 2.14]. We denote by sτ -tiltΛ the set of isomorphism classes
of basic support τ -tilting Λ-modules. By the above argument, we have sτ -tiltΛ = siltΛ.
(b) Let Λ be a module-finite R-algebra as in Example 2.7 (b), and let m be the maximal ideal of R. We
denote by D = HomR(−, E) the Matlis dual, that is, E is an injective hull of R/m. For a minimal
projective presentation P1
d
−→ P0 of M ∈ fpΛ, let Tr(M) = CokHomΛ(d,Λ). Then M is a presilting
module if and only if HomΛ(M,DTr(M)) = 0.
We recall some definitions. Let (M,P ) be a silting pair and S the corresponding 2-term presilting complex
in K by Theorem 2.23. If there exists the Bongartz completion of S, then we call a silting pair corresponding
to the Bongartz completion of S the Bongartz completion of (M,P ). Dually, the co-Bongartz completion of
(M,P ) is a silting pair corresponding to the co-Bongartz completion of S. We say that (M,P ) is almost
complete if |M |+ |P | = |Λ| − 1 holds. This is equivalent to that S is almost complete.
The following proposition is a silting pair version of Proposition 2.15, which enables us to calculate mutation
on 2-term silting complexes in terms of modules.
Proposition 2.26. Let (M,P ) be an almost complete presilting pair, and S be the corresponding almost
complete 2-term presilting complex. Assume that there exist two 2-term silting complexes having S as a direct
summand, that is, the Bongartz completion S⊕Q and the co-Bongartz completion S⊕U . Then the following
statements hold.
(a) The Bongartz completion of (M,P ) is (M ⊕H0(Q), P ), and the co-Bongartz completion of (M,P )
is (M ⊕H0(U), P ) if H0(U) 6= 0, or (M,U [−1]⊕ P ) if otherwise.
(b) Let e ∈ Λ be an idempotent such that addP = addΛe. Then H0(U) = 0 if and only if M is not a
sincere (Λ/〈e〉)-module.
(c) There exists an exact sequence
H0(Q)
f
−→M ′ → H0(U)→ 0, (2.5)
where f is a left minimal (addM)-approximation of H0(T ).
Proof. The statements directly follow from Proposition 2.15. 
At the rest of this subsection, we collect some lemmas about presilting pairs.
Let M be a finitely presented Λ-module. M is called a partial tilting Λ-module if the projective dimension
of M is at most one and Ext1Λ(M,M) = 0 holds. We call M a tilting module if M is partial tilting and there
exists an exact sequence 0→ Λ→M0 →M1 → 0 with M0,M1 ∈ addM .
We say that M is faithful if the annihilator annΛM := {a ∈ Λ | aM = 0} of M is zero. Clearly, M is
sincere if M is faithful.
As observed in the case where Λ is a finite dimensional algebra [AIR], the following lemma holds.
Lemma 2.27. Let M be a finitely presented Λ-module and e ∈ Λ be the maximal idempotent with a property
eM = 0. Assume that any presilting pair over Λ (resp. over Λ/ 〈e〉) is a direct summand of some silting pair
over Λ (resp. over Λ/ 〈e〉). Then the following statements hold.
(a) M is a sincere silting module if and only if e = 0.
(b) M is a tilting module if and only if it is a faithful silting module.
(c) If M is presilting Λ-module, then it is a presilting (Λ/〈e〉)-module.
(d) Assume that M is a presilting Λ-module. Then M is a silting Λ-module if and only if it is a sincere
silting (Λ/〈e〉)-module.
Proof. (a) is clear by the definition.
(b) In general, for an arbitrary ring A and X ∈ ModA, if there exists a left (addX)-approximation f of A,
then Ker(f) = annAX holds. Therefore, tilting modules are faithful. It is easy to see that tilting modules
are silting modules. Conversely, assume that M is a faithful silting module. By the above observation, it is
enough to show that the projective dimension of M is at most one. Let P1
d
−→ P0 → M → 0 be a minimal
projective presentation of M . We show that d is a monomorphism. Since M is faithful, there exists a
monomorphism f : P1 →M
′, where M ′ is a (possibly infinite) product of copies of M . Since M is presilting,
f factors through d. Therefore d is a monomorphism and the projective dimension of M is at most one.
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(c) By applying the functor (Λ/〈e〉) ⊗Λ − to the minimal projective presentation of M , the assertion
directly follows from the definition.
(d) By the maximal condition of e, if M is a sincere silting Λ-module, then (M,Λe) is a silting pair. Thus
the assertion follows from (c) and the definition. 
2.4. Mutation quivers and Hasse quivers. In this subsection, under the assumption (B) as the following,
we investigate two quivers which are obtained from 2-siltΛ. One is the Hasse quiver of the partially ordered
set (2-siltΛ,≥). The other is a mutation quiver of 2-siltΛ which was introduced in [AI, Definition 2.41].
Throughout this subsection, we assume the following condition on Λ.
(B) For each almost complete 2-term presilting complex P ∈ K, there exists a right (addP )-approximation
of Λ[1] in K if and only if there exists a left (addP )-approximation of Λ in K.
For instance, a module-finite R-algebra as in Example 2.7 (b) satisfies the condition (B).
For each basic 2-term silting complex P and any indecomposable direct summand Q of P , there always
exists either an irreducible left mutation of P at Q or an irreducible right mutation of P at Q, since Λ satisfies
the condition (B).
Definition 2.28. We define a mutation quiver Q(2-siltΛ) as follows.
• The set of vertices is 2-siltΛ.
• Draw an arrow from T to T ′ if T ′ is an irreducible left mutation of T .
We see that the two quivers coincide.
Theorem 2.29. Assume that Λ satisfies the condition (B). Then the mutation quiver Q(2-siltΛ) is the Hasse
quiver of partially ordered set (2-siltΛ, ≥).
Theorem 2.29 is a direct consequence of the following proposition.
Proposition 2.30. Assume that Λ satisfies the condition (B). Let S, T ∈ 2-siltΛ such that S > T . Then the
followings hold.
(a) There exists an irreducible left mutation S′ of S such that S > S′ ≥ T holds.
(b) The following conditions are equivalent.
(i) T is a left mutation of S.
(ii) There is no U ∈ 2-siltΛ such that S > U > T .
Proof. (a) Since Λ ≥ S > S′ ≥ T ≥ Λ[1] holds, the assertion follows from [AI, Proposition 2.36]. Note
that, an assumption (F) in [AI] is stronger than our condition (B). However, since we deal with only 2-term
complexes, the condition (B) is enough to prove our assertion.
(b) See [AI, Theorem 2.35]. 
Let (M,P ), (N,Q) be silting pairs and S, T the corresponding 2-term silting complexes, respectively. We
say that (N,Q) is an irreducible left mutation of (M,P ) if T is an irreducible left mutation of S. Since
there exists a bijection between the set of isomorphism classes of basic silting modules siltΛ and the set of
isomorphism classes of basic silting pairs, we define an irreducible left mutation on silting modules by using
this bijection. We also define the mutation quiver Q(siltΛ) of siltΛ as follows,
• The set of vertices is siltΛ.
• Draw an arrow from M to N if N is an irreducible left mutation of M .
By the definition, Q(siltΛ) coincides to the mutation quiver of 2-siltΛ.
We end this section by giving an example of a mutation quiver.
Example 2.31. Let R be a complete local noetherian ring with the maximal ideal m and l be a non-negative
integer. Let
Λ =
[
R 0
R/ml R/ml
]
.
This Λ has two indecomposable projective modules P1 =
[
R
R/ml
]
and P2 =
[
0
R/ml
]
. We denote by M1 a
cokernel of an inclusion map P2 → P1. Then we have three non-trivial silting Λ-modules P1 ⊕M1, P2, and
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M1. The mutation quiver Q(siltΛ) is as follows.
P1 ⊕ P2
P1 ⊕M1
P2
M1
0
3. Silting modules and torsion classes
In this section, let Λ be a module-finite R-algebra, where R is a complete local noetherian ring, as in
Example 2.7 (b). Recall that Λ is finitely generated as an R-module, and R acts on Λ centrally. Then Λ is a
noetherian algebra, and modΛ = fpΛ is a Krull-Schmidt abelian category.
We see that there exists a bijection between the set of silting modules and the set of functorially finite
torsion classes of modΛ (Theorem 3.8).
3.1. Torsion pairs and tilting modules. In this subsection, we recall elemental properties of tilting
modules and torsion pairs over Λ and observe relationships of them. Some properties in this subsection are
fundamental and we omit their proofs. In the case where R is a field, we refer [ASS, Chapter VI].
Let A be an abelian category. A pair (T ,F) of subcategories of A is called a torsion pair of A if
HomA(T ,F) = 0 and there exists an exact sequence 0→ X
′ → X → X ′′ → 0 with X ′ ∈ T and X ′′ ∈ F for
any X ∈ A. If (T ,F) is a torsion pair, then we call T a torsion class in A and F a torsion free class in A.
Note that each torsion class in A is contravariantly finite in A.
Let T be a torsion class in modΛ and M ∈ T . We say that M is Ext-projective in T if Ext1Λ(M,−)|T = 0
holds. We denote by P (T ) the direct sum of one copy of each of the indecomposable Ext-projective objects
in T up to isomorphism. We will see later that P (T ) is finitely generated if T is functorially finite in modΛ.
It is not hard to show that a subcategory T of modΛ is a torsion class in modΛ if and only if T is closed
under factor modules and closed under extensions.
For any M ∈ modΛ, let M⊥1 := {X ∈ modΛ | Ext1Λ(M,X) = 0}.
Proposition 3.1. Let T be a partial tilting Λ-module.
(a) There exists T ′ ∈ modΛ such that T ⊕ T ′ is a tilting Λ-module.
(b) T is tilting if and only if |T | = |Λ| holds.
(c) The following conditions are equivalent.
(i) T is a tilting Λ-module.
(ii) Fac(T ) = T⊥1 holds.
(iii) For each X ∈ T⊥1, there exist an exact sequence 0 → Y → T ′ → X → 0, where T ′ ∈ add(T )
and Y ∈ T⊥1.
(iv) For each X ∈ T⊥1, X is Ext-projective in T⊥1 if and only if X ∈ add(T ).
The tilting module T ⊕ T ′ in the statement (a) of Proposition 3.1 is called the Bongartz completion of T ,
which is origin of the Bongartz completion of a 2-term presilting complex.
We need the following lemma later.
Lemma 3.2. For M ∈ modΛ, the following holds.
(a) If each indecomposable direct summand N of M satisfies N 6∈ Fac(M/N) and Fac(M) is closed under
extensions, then M is Ext-projective in Fac(M).
(b) If M is faithful and presilting, then the projective dimension of M is at most one.
Proof. (a) We can prove this lemma by the same way as [ASS, Chapter VI, Lemma 6.1].
(b) See the proof of Lemma 2.27 (b). 
The following proposition observes a relationship between tilting modules and functorially finite torsion
classes in modΛ. In the case where R is an artinian ring, the following proposition was shown in [S] . Recall
that we denote by annΛM = {a ∈ Λ | aM = 0} the annihilator of a Λ-module M . If there is no danger of no
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confusion, then we write annM . For a subcategory C of modΛ, let ann C :=
⋂
M∈C annM . The proof is the
same as when Λ is a finite dimensonal algebra, but for the convenience of the readers, we put the proof.
Proposition 3.3. Let T be a torsion class in modΛ and I := annT . Then the following conditions are
equivalent.
(a) T is functorially finite in modΛ.
(b) There exists a Λ-module M such that T = Fac(M).
(c) P (T ) is a tilting (Λ/I)-module.
In this case, we have T = Fac(P (T )).
Proof. We show (a) implies (b). Let f : Λ→M be a left T -approximation of Λ. We claim that T = Fac(M).
Clearly, we have Fac(M) ⊂ T . Let X ∈ T and take an epimorphism g : Λ⊕n → X . Then g factors through
a morphism f⊕n : Λ⊕n →M⊕n. Therefore X ∈ Fac(M).
We show that (b) implies (c). Since modΛ is a Krull-Schmidt category, we can assume that each indecom-
posable direct summand N of M satisfies N 6∈ Fac(M/N). By Lemma 3.2, addM ⊂ addP (T ) holds. Let
f : Λ/I →M0 be a left add(M)-approximation of Λ/I, which is injective since M is a faithful (Λ/I)-module.
We have an exact sequence in mod(Λ/I);
0→ Λ/I
f
−→M0 →M1 → 0. (3.1)
We claim that M0 ⊕M1 is a tilting Λ/I-module, P (T ) ∈ modΛ and addP (T ) = add(M0 ⊕M1) holds. Note
that M1 ∈ T holds. First, we show that f is a left T -approximation. Let T ∈ T and g : Λ/I → T be a
morphism. Take a surjection h : M ′ → T , whereM ′ ∈ add(M). Then there exists a morphism g′ : Λ/I →M ′
such that hg′ = g. Since f is a left add(M)-approximation, there exists a morphism g′′ :M0 →M
′ such that
g′ = g′′f . Then g = hg′ = hg′′f holds. Therefore, f is a left T -approximation:
0 Λ/I M0
M ′ T.
f
g
g′
g′′
h
By applying the functor HomΛ(−, T ) to the exact sequence (3.1), we have an exact sequence
HomΛ(M0, T )
f∗
−→ HomΛ(Λ/I, T )→ Ext
1
Λ(M1, T )→ Ext
1
Λ(M0, T ).
Since M is Ext-projective in T and f∗ is surjective, M1 is Ext-projective in T . Therefore add(M0 ⊕M1) ⊂
addP (T ) holds. We show that M0 ⊕ M1 is a tilting (Λ/I)-module. By Lemma 3.2 (b), the projective
dimension of M0 over Λ/I is at most one. By the exact sequence (3.1), the projective dimension of M1 over
Λ/I is at most one. Since M0 ⊕M1 is Ext-projective in T , Ext
1
Λ/I(M0 ⊕M1,M0 ⊕M1) = 0 holds. Because
of the exact sequence (3.1), M0 ⊕M1 is a tilting (Λ/I)-module. Finally, we show that P (T ) ∈ modΛ and
addP (T ) = add(M0⊕M1) holds. We can assumeM ∈ add(M0), therefore we have Fac(M0⊕M1) = T . Since
M0 ⊕M1 is a tilting (Λ/I)-module, we have P (T ) ∈ modΛ and addP (T ) = add(M0 ⊕M1) by Proposition
3.1. This means P (T ) is a tilting Λ-module.
We show that (c) implies (a). It is enough to show that T is covariantly finite in modΛ. Put M := P (T ).
There exists an exact sequence 0→ Λ/I
ι
−→M ′ →M ′′ → 0, whereM ′,M ′′ ∈ add(M). Let f := ι◦π : Λ→M ′,
where π : Λ → Λ/I is a canonical morphism. This f is a left T -approximation of Λ, since any morphism
from Λ to an object of T factors through π and M ′′ is Ext-projective in T . For each X ∈ modΛ, take an
epimorphism g : Λ⊕n → X . By taking a push out diagram of X ← Λ⊕n → (M ′)⊕n, we have the following
commutative diagram:
Λ⊕n (M ′)⊕n
X E.
f⊕n
g g′
f ′
Since g is an epimorphism, so is g′. Thus E ∈ T . It is easy to see that f ′ is a left T -approximation of X . 
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3.2. Silting modules and functorially finite torsion classes. In this subsection, we observe that there
exists a bijection between silting modules and functorially finite torsion classes of modΛ. Recall that by
Lemma 2.24, a presilting pair (M,P ) is a silting if and only if |M |+ |P | = |Λ| holds, see also Example 2.25.
We begin with the following proposition. For a minimal projective presentation P1
d
−→ P0 of M ∈ fpΛ, let
TrΛ(M) = Tr(M) = CokHomΛ(d,Λ).
Proposition 3.4. Let M,N ∈ modΛ and P1
d
−→ P0 → M → 0 be a minimal projective presentation of M .
Then the following conditions are equivalent.
(a) Tr(M)⊗Λ N = 0 holds.
(b) HomΛ(d,N) is surjective.
(c) Ext1Λ(M,Fac(N)) = 0 holds.
Proof. By the definition of Tr(M), (a) is equivalent to (b). We can prove that (a) is equivalent to (c) by the
same way as [IJY, Lemma 5.2]. 
The following lemma is an easy observation.
Lemma 3.5. Let I be an ideal of Λ and M,N be (Λ/I)-modules. Then the following holds.
(a) If TrΛ(M)⊗Λ N = 0, then TrΛ/I(M)⊗Λ/I N = 0.
(b) If there exists an idempotent e ∈ Λ such that I = 〈e〉, then the converse of (a) holds.
Proof. There exists an inclusion Ext1Λ/I(M,N) → Ext
1
Λ(M,N), and this is an isomorphism if I = 〈e〉.
Therefore, the assertions follow from Proposition 3.4. 
We need the following observations of silting modules.
Lemma 3.6. Let M be a presilting Λ-module. The following statements hold.
(a) M is a partial tilting (Λ/ annM)-module and |M | ≤ |Λ/ annM | holds.
(b) Fac(M) is a torsion class in modΛ.
(c) If M is a sincere silting module, then it is a tilting (Λ/ annM)-module.
Proof. (a) By Lemma 3.5, M is a faithful presilting (Λ/ annM)-module. Then the assertion follows from
Proposition 3.4 and Lemma 3.2 (b).
(b) We show that Fac(M) is extension closed. Let 0→ X → Y → Z → 0 be a short exact sequence with
X,Z ∈ Fac(M). There exists a surjection Mn → Z. By taking a pull back diagram of Y → Z ← Mn, we
have the following commutative diagram:
0 X E Mn 0
0 X Y Z 0,
where each horizontal sequences are exact. By Proposition 3.4, the upper sequence splits and E ≃ X⊕Mn ∈
Fac(M). Since Mn → Z is surjective, so is E → Y . Therefore we have Y ∈ Fac(M).
(c) By (a), M is a partial tilting (Λ/ annM)-module and |M | ≤ |Λ/ annM | ≤ |Λ| holds. Since M is a
presilting module, |Λ| = |M | holds. Therefore we have |M | = |Λ/ addM |. Then by Proposition3.1 (b), M is
a tilting (Λ/ annM)-module. 
Proposition 3.7. The following statements are equivalent for a presilting module M .
(i) M is a silting module.
(ii) M is a tilting (Λ/ annM)-module.
Proof. We show (i) implies (ii). Let e ∈ Λ be an idempotent such that M is a sincere silting (Λ/〈e〉)-module.
Then we have 〈e〉 ⊂ annM and (Λ/〈e〉)/(annΛ/〈e〉M) ≃ Λ/ annM . By Lemma 3.6 (c), M is a tilting
(Λ/ annM)-module.
Conversely, we show that (ii) implies (i). Let e ∈ Λ be a maximal idempotent such that 〈e〉 ⊂ annM .
Then we have |Λ/〈e〉| = |Λ/ annM |. This means that M is a silting Λ-module. 
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We denote by f-torsΛ the set of functorially finite torsion classes of modΛ. The following theorem directly
follows from [IJY, Theorem 5.1] and by applying Proposition 3.3 and Proposition 3.7. If Λ is a finite
dimensional algebra, then the theorem was shown in [AIR, Theorem 2.7]. Here we give the proof of the
theorem for the convenience of readers.
Theorem 3.8. There exists a bijection
siltΛ −→ f-torsΛ
given by M 7→ Fac(M), and the inverse is given by T 7→ P (T ).
Proof. By Proposition 3.3 and Lemma 3.6 (b), the map M 7→ Fac(M) is well-defined. Let T ∈ f-torsΛ.
By Proposition 3.3, T = Fac(P (T )) holds and P (T ) is a tilting (Λ/ annP (T ))-module. By Proposition 3.4,
P (T ) is a presilting Λ-module. Therefore by Proposition 3.7, P (T ) is a silting Λ-module.
LetM ∈ siltΛ. By Proposition 3.4,M is a direct summand of P (Fac(M)). We have addM ⊂ addP (Fac(M)).
Since both M and P (Fac(M)) are tilting (Λ/ annM)-modules, we have |M | = |P (Fac(M))|. Therefore we
have addM = addP (Fac(M)). 
4. Reduction theorem
In this section, let Λ be a module-finite R-algebra, where R is a commutative complete local noetherian
ring. Let m be the maximal ideal of R and I be an ideal of R which is contained in m. We have mΛ ⊂ radΛ
[CR, (5.22) Proposition].
We show that there exists a bijection from f-torsΛ to f-tors(Λ/IΛ). For a 2-term complex P = (P−1 → P0)
in K(Λ) := Kb(projΛ). We denote by P = (P−1/IP−1 → P0/IP0) a 2-term complex in K(Λ/IΛ) :=
Kb(projΛ/IΛ). Then H0(P ) = H0(P )/IH0(P ) and |P | = |P | hold.
We begin with the following lemma.
Lemma 4.1. Let P,Q ∈ projΛ and ψ : HomΛ(P,Q)→ HomΛ/IΛ(P/IP,Q/IQ) be a natural morphism. If γ
is in the kernel of ψ, then γ is in I HomΛ(P,Q).
Proof. Without loss of generality, we can assume that P = Λe for an idempotent e ∈ Λ. Let γ ∈ Ker(ψ).
There exists q ∈ eQ such that γ is a morphism given by multiplying q from the right, that is, γ = (·q).
Because γ is in the kernel, we have Im(γ) ⊂ IQ. In particular, γ(e) = q ∈ IQ. This means that γ is in
I HomΛ(P,Q). 
We show that P 7→ P induces a map from the sets of 2-term silting complexes of Λ and Λ/IΛ, see also
[EJR, Theorem 4.1].
Proposition 4.2. Let P,Q be 2-term complexes in Kb(projΛ).
(a) HomK(Λ)(P,Q[1]) = 0 if and only if HomK(Λ/IΛ)(P ,Q[1]) = 0.
(b) A map P 7→ P defines a surjective map from 2-psiltΛ to 2-psilt(Λ/IΛ). Moreover, this map is
restricted to a surjective map from 2-siltΛ to 2-silt(Λ/IΛ).
Proof. Let Λ := Λ/IΛ. For 2-term complexes P = (P−1
α
−→ P0) and Q = (Q−1
β
−→ Q0) in K
b(projΛ), we have
a commutative diagram with exact rows
HomΛ(P−1, Q−1)×HomΛ(P0, Q0) HomΛ(P−1, Q0) HomK(Λ)(P,Q[1]) 0
HomΛ(P−1, Q−1)×HomΛ(P 0, Q0) HomΛ(P−1, Q0) HomK(Λ)(P ,Q[1]) 0,
fα,β
χ
g
ψ
f
α,β g
where fα,β(X,Y ) := Y ◦ α − β ◦X for (X,Y ) ∈ HomΛ(P−1, Q−1) ×HomΛ(P0, Q0). It is easy to see that ψ
is surjective.
(a) The right most vertical morphism is surjective, since ψ is surjective. This means that HomK(Λ)(P,Q[1]) =
0 implies HomK(Λ)(P ,Q[1]) = 0. Conversely, assume that HomK(Λ)(P ,Q [1]) = 0 holds. Let γ ∈ HomΛ(P−1, Q0).
Since fα,β is surjective, there exist (X,Y ) ∈ HomΛ(P−1, Q−1) × HomΛ(P0, Q0) such that γ − fα,β(X,Y ) is
in the kernel of ψ. Thus, by Lemma 4.1, we have HomΛ(P−1, Q0) = Im(fα,β) + I HomΛ(P−1, Q0). By
our assumption, the ideal I is contained in the maximal ideal m of R. Therefore by Nakayama’s lemma,
HomΛ(P−1, Q0) = Im(fα,β) holds. This means HomK(Λ)(P,Q[1]) = 0.
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(b) By (a), the map 2-psiltΛ→ 2-psilt(Λ/IΛ) is well defined. Since any Λ-morphism P−1/IP−1 → P0/IP0
is lifted to a Λ-morphism P−1 → P0 and again by (a), the map 2-psiltΛ→ 2-psilt(Λ/IΛ) is surjective. Since
|P | = |P | holds, this map is restricted to a surjective map 2-siltΛ→ 2-silt(Λ/IΛ) by (a) and Lemma 2.4. 
By Theorem 2.23 and Proposition 4.2, if M is a silting Λ-module, then M/IM is a silting (Λ/IΛ)-
module. Therefore, by Proposition 3.3 and Theorem 3.8, we have a map from f-torsΛ to f-tors(Λ/IΛ) by
T 7→ T ∩mod(Λ/IΛ). We have the following commutative diagram:
2-siltΛ 2-silt(Λ/IΛ)
siltΛ silt(Λ/IΛ)
f-torsΛ f-tors(Λ/IΛ),
M 7→M/IM
(−) ∩mod(Λ/IΛ)
P 7→ P
Fac(−) Fac(−)
H0(−) H0(−)
(4.1)
where vertical maps are bijections. By Proposition 4.2, the top horizontal map is surjective. In the following
proposition, we see that the bottom horizontal map is injective. For a subcategory X ⊂ mod(Λ/IΛ), let
θ(X ) := {X ∈ modΛ | X/IX ∈ X}.
Proposition 4.3. We have the following statements.
(a) Let T ∈ f-torsΛ. We have
T = θ(T ∩mod(Λ/IΛ)) = {X ∈ modΛ | X/IX ∈ T }.
(b) The map (−) ∩mod(Λ/IΛ) : f-torsΛ→ f-tors(Λ/IΛ) is injective.
Proof. The statement (b) directly follows from (a). We show that, for any T ∈ f-torsΛ, θ(T ∩mod(Λ/IΛ)) = T
holds. Clearly, we have θ(T ∩ mod(Λ/IΛ)) ⊃ T . Let M ∈ siltΛ such that Fac(M) = T . Take any
X ∈ θ(T ∩mod(Λ/IΛ)). We have
Tr(M)⊗Λ X
I(Tr(M)⊗Λ X)
= Tr(M)⊗Λ
(
X
IX
)
= 0,
the last equality comes from that X/IX ∈ T , M is Ext-proj in T and Proposition 3.4. By applying
Nakayama’s lemma for an R-module Tr(M)⊗Λ X , we have Tr(M)⊗Λ X = 0. Again by Proposition 3.4, we
have Ext1Λ(M,Fac(X)) = 0. Consider the following exact sequence
0→ IX → X
π
−→ X/IX → 0.
Since φ(I) is contained in the center of Λ, IX ∈ Fac(X) holds. Clearly we have X/IX ∈ T ∩Fac(X). Take a
surjective Λ-homomorphism f ′ :M ′ → X/IX , where M ′ ∈ addM . Since Ext1Λ(M,Fac(X)) = 0, there exists
a Λ-homomorphism f :M ′ → X which satisfies π◦f = f ′. Because f ′ is surjective, we have Im(f)+IX = X .
By applying Nakayama’s lemma to an R-module X , we have Im(f) = X . 
Recall that the set 2-siltΛ has a structure of a partially ordered set, that is, P ≥ Q if HomK(P,Q[1]) = 0.
Moreover, the set of functorially finite torsion classes f-torsΛ is a partially ordered set by inclusions of
subcategories. Therefore the set siltΛ has two structures of partially ordered set. We see that two structures
coincide.
Proposition 4.4. (a) The map 2-siltΛ → 2-silt(Λ/IΛ) given by P 7→ P is an isomorphism of partially
ordered sets.
(b) The map f-torsΛ→ f-tors(Λ/IΛ) given by T 7→ T ∩mod(Λ/IΛ) is an isomorphism of partially ordered
sets.
(c) Let P,Q ∈ 2-siltΛ. Then Fac(H0(P )) ⊃ Fac(H0(Q)) if and only if HomK(P,Q[1]) = 0. In particular,
two structures of partially ordered set on siltΛ coincide.
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Proof. By Propositions 4.2 (b), 4.3 and the diagram (4.1), the maps 2-siltΛ → 2-silt(Λ/IΛ) and f-torsΛ →
f-tors(Λ/IΛ) are bijections.
(a) The assertion follows from Proposition 4.2 (a).
(b) Let M,N be silting Λ-modules. We show that Fac(M) ⊃ Fac(N) if and only if Fac(M)∩mod(Λ/IΛ) ⊃
Fac(N) ∩mod(Λ/IΛ). The only if part is clear. Assume that Fac(M) ∩mod(Λ/IΛ) ⊃ Fac(N) ∩mod(Λ/IΛ)
holds. By Proposition 4.3 (a), we have N ∈ Fac(M). Thus Fac(M) ⊃ Fac(N) holds.
(c) Let I = m. Then Λ/mΛ is a finite dimensional (R/m)-algebra. In particular, two structures of partially
ordered set on sτ -tilt(Λ/IΛ) = silt(Λ/IΛ) coincide by [AIR, Corollary 3.9]. Therefore two structures on siltΛ
coincide by the statements (a), (b) and the diagram (4.1). 
Theorem 4.5. The map siltΛ → silt(Λ/IΛ), M 7→ M/IM is a bijection. Moreover, this bijection preserves
mutation.
Proof. The map is a bijection by Propositions 4.2, 4.3 and the diagram (4.1). Let X,Y ∈ K(Λ) be two
complexes. If X → Y ′ is a left (addY )-approximation of X , then it is easy to see that X → Y ′ is a left
addY -approximation of X. Therefore the map 2-siltΛ→ 2-silt(Λ/IΛ) preserves mutation. 
A finite dimensional algebra A is called τ-tilting finite if the number of support τ -tilting modules is finite.
In this case, we have tors(A) = f-tors(A), see [DIJ]. The following corollary is useful when we study torsion
classes of Λ such that Λ/mΛ is τ -tilting finite.
Corollary 4.6. Assume that Λ/mΛ is a τ-tilting finite algebra. Then for any torsion class T ∈ torsΛ, there
exists a unique functorially finite torsion class T0 ∈ f-tors(Λ) such that T0 ∩mod(Λ/mΛ) ⊂ T ⊂ T0.
Proof. By Theorem 4.5 and tors(Λ/mΛ) = f-tors(Λ/mΛ), there exists T0 ∈ f-tors(Λ) such that T0∩mod(Λ/mΛ) =
T ∩mod(Λ/mΛ). By Proposition 4.3 (a), T ⊂ T0 holds. A uniqueness also follows from Proposition 4.3 (a). 
5. Torsion classes of module categories
Throughout this section, let R be a commutative noetherian ring and let Λ be a module-finite R-algebra.
5.1. Torsion classes of the finite length category. In this subsection, we assume that R is a local ring
with the maximal ideal m. We denote by flΛ the category of finite length Λ-modules. We show that there
exists a bijection from the set tors(flΛ) of all torsion classes of flΛ to the set tors(Λ/mΛ) = tors(mod(Λ/mΛ))
of all torsion classes of mod(Λ/mΛ) (Theorem 5.4).
First we observe bricks over Λ. A finitely generated Λ-module S is called brick if its endomorphism algebra
EndΛ(S) is a division algebra. We denote by brick(Λ) the set of all bricks over Λ. We have the following
lemma.
Lemma 5.1. Let S be a brick over Λ. Then we have mS = 0. In particular, for any two-sided ideal I of Λ
such that I ⊂ mΛ, we have brick(Λ/I) = brick(Λ/mΛ).
Proof. Letm = (r1, . . . , rn), that is, m is generated by elements r1, . . . , rn ∈ R. If a morphism (ri·) ∈ EndΛ(S)
is a zero morphism for any i ∈ {1, . . . , n}, then we have mS = 0. Assume that there exists i ∈ {1, . . . , n}
such that (ri·) 6= 0. Since S is a brick, the morphism (ri·) is invertible. Thus we have mS ⊃ riS = S, that
is, mS = S. By Nakayama’s lemma, we have S = 0. 
We use the following result.
Proposition 5.2. [DIRRT, Corollary 1.8] Let A be an Artin algebra and let I =
⋂
S∈brickA annS. Then torsA
and tors(A/I) are isomorphic as partially ordered sets, the map is given by T 7→ T ∩mod(A/I).
We need the following lemma.
Lemma 5.3. For an integer i ≥ 0, let Ji =
⋂
S∈brick(Λ/miΛ) annΛ/miΛ(S), where m
0 := {0} ⊂ Λ. Then the
following holds.
(a) We have an isomorphism (Λ/miΛ)/Ji ≃ Λ/J0 for any integer i ≥ 0.
(b) For any i ≥ 1, the map T 7→ T ∩mod(Λ/mΛ) gives a bijection from tors(Λ/miΛ) to tors(Λ/mΛ).
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Proof. (a) By Lemma 5.1, we have miΛ ⊂ J0. Again by Lemma 5.1, brick(Λ) = brick(Λ/mΛ) = brick(Λ/m
iΛ)
holds. This implies that Ji = J0/m
iΛ. Therefore we have
(Λ/miΛ)/Ji ≃ (Λ/m
iΛ)/(J0/m
iΛ) ≃ Λ/J0.
(b) By (a), we have (Λ/miΛ)/Ji ≃ (Λ/mΛ)/J1. Therefore, by Proposition 5.2, we have bijections
tors(Λ/miΛ)→ tors
(
(Λ/miΛ)/Ji
)
→ tors
(
(Λ/mΛ)/J1
)
→ tors(Λ/mΛ).
It is easy to see that the composite of these three maps are given by the desired form. 
For a full subcategory C of flΛ, we denote by Tfl(C) the smallest torsion class of flΛ containing C. Moreover,
we denote by Filt(C) the full subcategory of flΛ consisting M such that there exists a sequence 0 = M0 ⊂
M1 ⊂ · · · ⊂Mn =M of submodules of M with Mi+1/Mi ∈ C. Then we have Tfl(C) = Filt(Fac(C)).
Theorem 5.4. We have a bijection
tors(flΛ) −→ tors(Λ/mΛ)
which is given by T 7→ T ∩mod(Λ/mΛ) and the inverse map is T ′ 7→ Tfl(T
′).
Proof. Let Φ(T ) := T ∩mod(Λ/mΛ) for T ∈ tors(flΛ) and Ψ(T ′) := Tfl(T
′) for T ′ ∈ tors(Λ/mΛ). Clearly both
maps are well-defined. Let T ′ ∈ tors(Λ/mΛ). Since Tfl(T
′) = Filt(Fac(T ′)) holds, we have Φ(Ψ(T ′)) = T ′.
In particular, Φ is surjective.
We show that Φ is injective. Let T , T ′ ∈ tors(flΛ) such that Φ(T ) = Φ(T ′). We claim that, for any integer
i ≥ 1, T ∩mod(Λ/miΛ) = T ′ ∩mod(Λ/miΛ) holds. In fact, we have the following commutative diagram
tors(flΛ) tors(Λ/mΛ)
tors(Λ/miΛ)
Φ = (−) ∩mod(Λ/mΛ)
(−) ∩mod(Λ/miΛ) (−) ∩mod(Λ/mΛ)
Since the map (−) ∩ mod(Λ/mΛ) : tors(Λ/miΛ) → tors(Λ/I) is bijective by Lemma 5.3, we have T ∩
mod(Λ/miΛ) = T ′ ∩ mod(Λ/miΛ). Let X ∈ T . There exists an integer i such that X ∈ mod(Λ/miΛ).
Thus we have X ∈ T ∩mod(Λ/miΛ) = T ′ ∩mod(Λ/miΛ). This means T ⊂ T ′ and we have T = T ′. 
We give one easy observation on Hasse quivers of torsion classes.
Corollary 5.5. The following statements hold.
(a) The Hasse quiver of tors(flΛ) is isomorphic to that of tors(Λ/mΛ) as quivers.
(b) The Hasse quiver of tors(Λ/mΛ) is identified with a full subquiver of the Hasse quiver of torsΛ, where
a vertex T ∈ tors(Λ/mΛ) corresponds to TflΛ(T ) ∈ tors(Λ).
Proof. (a) This follows form Theorem 5.4.
(b) Note that, for T ∈ tors(Λ/mΛ), TflΛ(T ) is actually a torsion class of modΛ. Let x, y be two torsion
classes of flΛ. Then it is easy to see that there exists an arrow between x and y in the Hasse quiver of tors(flΛ)
if and only if exists an arrow between x and y in the Hasse quiver of tors(Λ). Thus the assertion holds. 
5.2. Torsion classes of ambient algebras. In this subsection, we assume that R is an integral domain
wit Krull dimension one. We denote by K the fractional field of R.
Let A := K ⊗R Λ, which is a finite dimensional K-algebra. We call this algebra A an ambient algebra of
Λ. For a finitely generated Λ-module M , let KM := K ⊗R M ≃ A⊗Λ M . We have an exact functor
K ⊗R (−) : modΛ→ modA.
We study the relationship between torsion classes of modΛ and modA. The following is a basic result of
finitely generated modules. Note that a finitely generated Λ-module has finite length as a Λ-module if and
only if it has finite length as an R-module.
Lemma 5.6. Let M,N be finitely generated Λ-modules.
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(a) For any n ≥ 0, the functor K ⊗R (−) : modΛ→ modA induces an isomorphism
K ⊗R Ext
n
Λ(M,N) ≃ Ext
n
A(KM,KN).
In particular, for any g ∈ ExtnA(KM,KN), there exist f ∈ Ext
n
Λ(M,N) and λ ∈ K \ {0} such that
idK ⊗ f = λg.
(b) If KM = 0 if and only if M has finite length as a Λ-module.
(c) For any finitely generated A-module X, there exists a finitely generated Λ-module M such that KM ≃
X.
Proof. (a) See [CR, (8.18) Corollary].
(b) Let R be a commutative noetherian ring and M be a finitely generated R-module. Then it is well
known that M has finite length if and only if Mp = 0 for any non-maximal prime ideal p of R, where Mp is
a localization of M at p. Then the assertion is a special case of this fact.
(c) See [CR, (23.13) Proposition]. 
For a full subcategory C of modΛ, let K ⊗R C = KC := {KM |M ∈ C} be a subcategory of modA.
Proposition 5.7. The following holds.
(a) The assignment T 7→ KT gives a surjective map
K(−) : torsΛ −→ torsA.
(b) For T ∈ torsΛ, KT = 0 if and only if T is contained in flΛ.
Proof. (a) Let T be a torsion class of modΛ. We first show that KT is a torsion class of modA. Let
g : KT → X be a surjection with T ∈ T and X ∈ modA. By Lemma 5.6 (c), there exists M ∈ modΛ such
that KM ≃ X . By Lemma 5.6 (a), there exist f : T → M and λ ∈ K \ {0} such that idK ⊗ f = λg. We
have K Im(f) ≃ KM and thus KT is closed under taking direct summands and factor modules. By Lemma
5.6 (a), KT is closed under taking extensions. Therefore the map is well-defined.
For a torsion class T ′ of modA, let T = {M ∈ modΛ | KM ∈ T ′}. It is easy to see that T is a torsion
class of modΛ. By Lemma 5.6 (c), KT = T ′ holds.
(b) The assertion directly follows from Lemma 5.6 (b). 
We observe that the map K(−) : torsΛ → torsA is injective if it is restricted to a certain subset of torsΛ.
For two subcategories a, b of modΛ, let [a, b]Λ := {c ∈ torsΛ | a ⊂ c ⊂ b}. If there is no danger of confusion,
we use [a, b]Λ = [a, b]. For a torsion class T of modΛ, let
T + := {M ∈ modΛ | Fac(M) ∩ flΛ ⊂ T }.
We have T ∩ flΛ = T + ∩ flΛ.
Proposition 5.8. (a) Let B, C be torsion classes of modΛ such that B ∩ flΛ = C ∩ flΛ. If KB = KC
holds, then B = C holds.
(b) For each torsion class T of modΛ, the map K(−) :
[
flΛ∩ T , T +
]
→ torsA is injective. In particular,
we have a bijection
K(−) :
[
flΛ,modΛ
]
−→ torsA.
Proof. (a) For B ∈ B, let f : C → B be a right C-approximation of B. There exists C′ ∈ C such that
KB ≃ KC′. Since f is a right C-approximation and by Lemma 5.6 (a), the map
HomA(KC
′, idK ⊗ f) : HomA(KC
′,KC)→ HomA(KC
′,KB)
is surjective. This means that idK ⊗ f : KC → KB is surjective and Cok(f) has finite length. We have an
exact sequence 0→ Im(f)→ B → Cok(f)→ 0 with Im(f) ∈ C and Cok(f) ∈ B ∩ flΛ ⊂ C. Therefore B ∈ C.
(b) The assertion follows form (a) and Proposition 5.7. 
Theorem 5.9. Let (R,m) be a noetherian local integral domain with Krull dimension one. We denote by A
the ambient algebra of Λ.
(a) Let T ⊂ flΛ be a torsion class. We have a bijection
K(−) :
[
T , T +
]
Λ
−→
[
0, K(T +)
]
A
.
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(b) We have the following equality and a bijection
torsΛ =
∐
T
[T , T +]Λ −→
∐
T
[0, K(T +)]A,
where T runs all torsion class of flΛ, and middle term and right term are disjoint unions. The map
is given by (a).
Proof. (a) By Proposition 5.8, the map is injective. For a torsion class C ⊂ modA such that C ∈
[
0,K(T +)
]
,
let U be the full subcategory of T + consisting X such that KX is in C. Then it is easy to see that U is a
torsion class of modΛ with U ∈
[
T , T +
]
and KU = C holds.
(b) For any C ∈ torsΛ, let T = C ∩ flΛ. Then we have C ∈ [T , T +]. For any T ∈ tors(flΛ) and any
C ∈ [T , T +], we have C ∩ fl(Λ) = T . Therefore the equality holds. The bijection follows from (a). 
In general it is hard to calculate T +. If Λ/mΛ is τ -tilting finite, then the situation is easy.
Corollary 5.10. Assume that the same assumption as Theorem 5.9, and (Λ/mΛ) is a τ-tilting finite algebra.
Then we have the following equality and a bijection
torsΛ =
∐
M
[
Fac(M) ∩ flΛ, Fac(M)
]
Λ
−→
∐
M
[
0,Fac(KM)
]
A
,
where M runs all silting Λ-modules, and right term and left term are disjoint unions.
Proof. It is easy to see thatK Fac(M) = Fac(KM) holds. By Proposition 4.3 (a), (Fac(M)∩fl(Λ))+ = Fac(M)
holds. Thus the assertion follows from Theorem 5.9. 
Moreover, we have the following corollaries.
Corollary 5.11. Under the same assumption as Theorem 5.9, we have the following statements.
(a) The followings are equivalent.
(i) torsΛ is a finite set.
(ii) tors(Λ/mΛ) and torsA are finite sets.
(b) Assume that (Λ/mΛ) is τ-tilting finite and A is semi-simple, then we have
torsΛ =
∐
M
{
Fac(M)
}
⊔
∐
N
{
Fac(N) ∩ flΛ, Fac(N)
}
,
where M runs all length finite silting Λ-modules up to isomorphisms and N runs all length infinite
silting Λ-modules up to isomorphisms.
Proof. (a) By Theorem 5.4 and Proposition 5.8 (b), (i) implies (ii).
By Proposition 5.8 (b) and Theorem 5.9, (ii) implies (i).
(b) Since A is semi-simple, torsA = {0,modA} holds. Then the equation follows from Theorem 5.9 and
Lemma 5.6 (b). 
6. Examples of silting modules and torsion classes
In this section, we give some examples of silting modules and torsion classes of a module-finite R-algebras.
6.1. A hereditary order. Throughout this subsection, let R = k[[x]] be the ring of formal power series in
one variable with an algebraically closed field k. We denote by m = (x) the maximal ideal of R.
Let Λ be an R-algebra defined by the following (n× n)-matrix form (n ≥ 1):
Λ =


R R · · · R
m R
...
m
. . .
...
. . . R R
m · · · m R


(6.1)
In this subsection, we study torsΛ the set of all torsion classes of modΛ.
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Let Q be the following quiver.
1 2 · · · n− 1 n
a1 a2 an−2 an−1
an
We denote by 〈Qj〉 the two-sided ideal of the path algebra kQ generated by all paths of length j for j ≥ 0.
We denote by εi ∈ kQ the path of length zero for i = 1, 2, . . . , n.
For each i = 1, 2, . . . , n, let ei ∈ Λ be the matrix unit whose (i, i) entry is 1R. Then {e1, . . . , en} is a
complete set of pairwise orthogonal primitive idempotent of Λ. Let αi ∈ Λ be the matrix unit whose (i+1, i)
entry is x ∈ m for i = 1, 2, . . . , n− 1, and let αn ∈ Λ be the matrix unit whose (1, n) entry is 1R. Then, for
an integer i ≥ 0, we have
Λ/miΛ ≃ kQ/〈Qni〉,
where the map is given by ei 7→ εi and αi 7→ ai for i = 1, 2, . . . , n.
We have inverse systems (Λ/miΛ, πi) and (kQ/〈Qni〉, π
′
i) of k-algebras, where πi and π
′
i are canonical
morphisms. Since these systems are isomorphic, we have an isomorphism of algebras Λ ≃ k̂Q, where by
definition, k̂Q is a completion of kQ by the arrow ideal.
The algebra Λ/mΛ is known as a Nakayama algebra (see, [ASS, Chapter V]) and this is a representation-
finite algebra. In particular, Λ/mΛ is τ -tilting finite. Thus we have f-tors(Λ/mΛ) = tors(Λ/mΛ) [DIJ].
The τ -tilting theory of Nakayama algebras was studied by Adachi [Ad], and here we recall the results.
Let Γ be a module-finite R-algebra or a finite dimensional algebra, where R is a commutative complete local
noetherian ring. A silting Γ-module M is said to be proper if |M | is strictly smaller than |Γ|. We denote by
pro-siltΓ the set of isomorphism classes of basic proper silting Γ-modules. We have siltΓ = sin-siltΓ⊔pro-siltΓ,
where sin-siltΓ is the set of isomorphism classes of basic sincere silting Γ-modules. We refer [Ad, Theorem
2.6, Proposition 2.8 and Corollary 2.29] for the following proposition.
Proposition 6.1. [Ad] For an algebra kQ/〈Qn〉, the following statements hold.
(a) A silting kQ/〈Qn〉-module is sincere if and only if it has a projective module as a direct summand.
(b) There exists a bijection between sin-silt(kQ/〈Qn〉) and pro-silt(kQ/〈Qn〉).
(c) We have
|silt(kQ/〈Qn〉)| =
(
2n
n
)
.
We need some observations of Λ-modules. Let R = k[[x]]. An R-algebra Γ is called an R-order if Γ is
a finitely generated projective R-module. A Γ-lattice is a Γ-module which is a finitely generated projective
R-module. We denote by CMΓ the full subcategory of modΓ consisting of Γ-lattices. It is easy to see that
(flΓ,CMΓ) is a torsion pair in modΓ.
The R-algebra Λ of (6.1) is an R-order and is known to be a hereditary order, that is, any left Λ-ideal is
Λ-projective. About hereditary orders, the following lemma is well-known.
Lemma 6.2. Let Γ be a hereditary R-order. Then we have the following properties.
(a) CMΓ = projΓ holds.
(b) Each indecomposable Γ-module is either finite length or projective.
Proof. (a) See [HN, 1.6 Theorem].
(b) Since CMΓ = projΓ, the torsion pair (flΓ,CMΓ) splits. 
Lemma 6.3. Let Λ be an algebra as in (6.1) and M be a silting module of Λ. Then the following statements
are equivalent.
(i) M is sincere.
(ii) M has a projective Λ-module as a direct summand.
(iii) M is an infinite length module.
Proof. For a Λ-module X , it is easy to see that X is a projective Λ-module if and only if X/mX is a projective
(Λ/mΛ)-module. Therefore, (i) is equivalent to (ii) by Proposition 6.1 (a). (ii) is equivalent to (iii) by Lemma
6.2. 
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Then we classify all torsion classes of modΛ.
Theorem 6.4. Let Λ be an algebra as in (6.1) and T ∈ torsΛ. Then T satisfies exactly one of the following
statements.
(i) T = Fac(M) for some M ∈ pro-siltΛ.
(ii) T = flΛ ∩ Fac(M) for some N ∈ sin-siltΛ.
(iii) T = Fac(M) for some N ∈ sin-siltΛ.
Namely, we have the following equality
torsΛ =
∐
M
{
Fac(M)
}
⊔
∐
N
{
Fac(N) ∩ flΛ, Fac(N)
}
,
where M runs all basic proper silting Λ-modules up to isomorphisms and N runs all basic sincere silting
Λ-modules up to isomorphisms. In particular, we have
|torsΛ| =
3
2
(
2n
n
)
.
Proof. Let K be a fractional field of R. Then the ambient algebra A := K ⊗R Λ ≃ Mn(K) is a semi-simple
algebra. Let M be a silting Λ-module. By Lemma 6.3, M is a sincere silting (resp. proper silting) if and only
if the length of M is infinite (resp. finite). Therefore, by applying Corollary 5.11 (b), we have the equality
about torsΛ.
The last assertion follows from Proposition 6.1 (b), and (c). 
There exists an algorithm to construct the Hasse quiver H ′ = H ′(kQ/〈Qn〉) of f-tors(kQ/〈Qn〉), see
[Ad, Algorithm 3.10]. We construct the Hasse quiver H = H(torsΛ) of torsΛ from H ′.
By Corollary 5.5, H ′ is isomorphic to the full subquiver of H whose the set of vertices is {flΛ ∩ Fac(M) |
M ∈ siltΛ}. Thus we regard H ′ as the full subquiver of H .
Proposition 6.5. Let H ′ be the Hasse quiver of f-tors(kQ/〈Qn〉). Then the Hasse quiver H of torsΛ is given
as follows.
• vertices: H0 = H
′
0 ⊔ {Fac(M) |M ∈ sin-siltΛ}.
• arrows: Let x, y ∈ H0 be two vertices.
(i) If x, y ∈ H ′0, then draw an arrow from x to y if and only if there exists an arrow form x to y in
H ′.
(ii) If x = Fac(M) for some M ∈ sin-siltΛ and y = flΛ ∩ Fac(N) for some N ∈ siltΛ, then draw an
arrow from x to y if and only if M = N .
(iii) If x = Fac(M) and y = Fac(N) for some M,N ∈ sin-siltΛ, then draw an arrow from x to y if
and only if there exists an arrow from flΛ ∩ Fac(M) to flΛ ∩ Fac(N) in H ′.
Proof. The set of vertices H0 is given as described by Theorem 6.4.
Recall that for X,Y ∈ siltΛ, X = Y if and only if Fac(X) ∩ flΛ = Fac(Y ) ∩ flΛ by Proposition 4.3.
(i) Since H ′ is a full subquiver of H , the assertion holds.
(ii) Assume thatM = N . By Theorem 5.9 and since A = K⊗RΛ is semi-simple, there exists an arrow from
x to y in H . Conversely, if there exists an arrow from x to y in H , then we have Fac(N)∩flΛ ⊂ Fac(M)∩flΛ ⊂
Fac(M). Since M is a sincere silting module, Fac(M) ∩ flΛ 6= Fac(M). Thus Fac(N) ∩ flΛ = Fac(M) ∩ flΛ
holds by Theorem 5.9, and we have M = N .
(iii) Let x′ = Fac(M)∩ flΛ and y′ = Fac(N) ∩ flΛ. It is easy to see that if there exists an arrow from x′ to
y′, then there exists an arrow from x to y. Conversely, assume that there exists an arrow from x to y. If there
exist no arrow from x′ to y′, then there exists L ∈ siltΛ such that y′ ⊂ Fac(L)∩ flΛ ⊂ x′. By Proposition 6.1
(a), L is a sincere silting module. This implies that y ⊂ Fac(L) ⊂ x holds. This is a contradiction. 
Example 6.6. Let n = 2 and
Λ =
[
R R
m R
]
.
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We denote by Si a simple module with a projective cover Λei for i = 1, 2. The mutation quiver Q(siltΛ) and
the Hasse quiver H of torsΛ are described as follows.
Q(siltΛ) =
Λe1 ⊕ Λe2
S2 ⊕ Λe2 Λe1 ⊕ S1
S2 S1
0
, H =
modΛ
Fac(Λe2) Fac(Λe1)
flΛ
flΛ ∩ Fac(Λe2) flΛ ∩ Fac(Λe1)
Fac(S2) Fac(S1)
0
.
6.2. A Bass order of type (V) and its Auslander order. Let R be a complete discrete valuation ring
such that m is the maximal ideal and the quotient field k = R/m is an algebraically closed field. Recall
that an R-algebra Λ is called an R-order if Λ is a finitely generated projective R-module. A Λ-lattice is
a Λ-module which is a finitely generated projective R-module. We denote by CMΛ the full subcategory of
modΛ consisting of Λ-lattices. We say that an R-order is of CM-finite type if the number of isomorphic classes
of indecomposable Λ-lattices is finite.
We denote by t an element which generates m, that is, m = Rt. Let n be a non-negative integer and Λ be
the following R-order
Λ =
[
R R
mn R
]
.
This Λ is known as a Bass order of type (V), and was studied by [DK, HN]. Λ has two indecomposable
projective modules
P1 =
[
R
mn
]
, P2 =
[
R
R
]
.
We denote by M2 a cokernel of an inclusion map P1 → P2. We denote byM1 a cokernel of the map P2 → P1,
x 7→ tnx. Then we have four non-trivial silting Λ-modules M2 ⊕ P2, P1 ⊕M1, M2 and M1. By a direct
calculation, the mutation quiver Q(siltΛ) is as follows.
P1 ⊕ P2
M2 ⊕ P2 P1 ⊕M1
M2 M1
0
The R-order Λ is of CM-finite type. The Auslander-Reiten quiver of CMΛ is the following
[
R
R
] [
R
m
]
· · ·
[
R
mn−1
] [
R
mn
]
,
α1
β1
α2
β2
αn−1
βn−1
αn
βn
where dotted arrows mean the Auslander-Reiten translation on CMΛ. Each β denotes the natural inclusion
map and each α denotes a map defined by x 7→ tx.
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Let Γ be the Auslander order of CMΛ, that is, the endomorphism algebra of a basic additive generator
M =
⊕n
i=0Mn of CMΛ, where Mi =
[
R
mi
]
. Let Q be the following quiver.
1 2 · · · n− 1 n n+ 1
α1
β1
α2
β2
αn−2
βn−2
αn−1
βn−1
αn
βn
Then we have
Γ/mΓ ≃ kQ/I2,
where I2 is a two-sided ideal of kQ generated by all 2-cycles of Q.
For this algebra Γ/mΓ, the following results are known. We denote by Π the preprojective algebra of Q
and denote by WQ the Coxeter group of Q. We regard WQ as a poset by the right weak order, see [DIRRT]
for details.
Proposition 6.7. Let Π be the preprojective algebra of Q. Then the following statements hold.
(a) We have kQ/I2 ≃ Π/I2, where I2 ⊂ Π is a two-sided ideal of Π generated by all 2-cycles.
(b) sτ-tiltΠ ≃ sτ-tilt (Π/I2) holds.
(c) We have siltΓ ≃WQ as partially ordered sets.
Proof. (a) Since the ideal I2 ⊂ kQ contains the preprojective relation, we have the isomorphism.
(b) See [DIRRT, Proposition 5.7].
(c) By [M], we have sτ -tiltΠ ≃WQ as posets. Therefore the isomorphism follows from (a) and (b). 
Acknowledgements
The author would like to thank Professor Osamu Iyama for many supports and helpful comments.
References
[Ad] T. Adachi, The classification of τ -tilting modules over Nakayama algebras, J. Algebra 452 (2016), 227–262.
[AIR] T. Adachi, O. Iyama, I. Reiten, τ -tilting theory, Compos. Math. 150 (2014), no. 3, 415–452.
[Ai] T. Aihara, Tilting-connected symmetric algebras, Algebr. Represent. Theory 16 (2013), no. 3, 873–894.
[AI] T. Aihara, O. Iyama, Silting mutation in triangulated categories, J. Lond. Math. Soc. (2) 85 (2012), no. 3, 633–668.
[AHK] L. Angeleri Hgel, D. Happel, H. Krause, Handbook of tilting theory, London Mathematical Society Lecture Note Series,
332. Cambridge University Press, Cambridge, 2007. viii+472 pp.
[AMV] L. Angeleri H’´ugel, F. Marks, J. Vito´ria, Silting modules, Int. Math. Res. Not. IMRN 4 (2016), 1251–1284
[ASS] I. Assem, D. Simson, A. Skowron´ski, Elements of the representation theory of associative algebras. Vol. 1. Techniques of
representation theory, London Mathematical Society Student Texts, 65. Cambridge University Press, Cambridge, 2006.
[BB] S. Brenner, M. C. R. Butler, Generalizations of the Bernstein-Gelfand-Ponomarev reflection functors, Lecture Notes in
Math. 832, Springer, Berlin-New York, 1980.
[BIRS] A. Buan, O. Iyama, I. Reiten, J. Scott, Cluster structures for 2-Calabi-Yau categories and unipotent groups, Compos.
Math. 145 (2009), no. 4, 1035–1079.
[BMRRT] A. Buan, R. Marsh, M. Reineke, I. Reiten, G. Todorov, Tilting theory and cluster combinatorics, Adv. Math. 204
(2006), 572–618.
[CR] C. W. Charles, I. Reiner, Methods of representation theory. Vol. I. With applications to finite groups and orders, Pure
and Applied Mathematics, John Wiley & Sons, Inc., New York, 1981.
[DIJ] L. Demonet, O. Iyama, G. Jasso, τ -tilting finite algebras, bricks and g-vectors, Int. Math. Res. Not. IMRN 2019, no. 3,
852–892.
[DIRRT] L. Demonet, O. Iyama, N. Reading, I. Reiten, H. Thomas, Lattice theory of torsion classes, arXiv:1711.01785.
[DK] Yu. A. Drozd, V. V. Kirichenko, On quasi-Bass orders, Izv. Akad. Nauk SSSR Ser. Mat. 36 (1972) 328–370.
[EJR] F. Eisele, G. Janssens, T. Raedschelders, A reduction theorem for τ -rigid modules, Math. Z. 290 (2018), no. 3-4, 1377–1413.
[G] P. Gabriel, Des cate´gories abe´liennes, Bull. Soc. Math. France 90 (1962) 323–448.
[GLS] C. Geiss, B. Leclerc, J. Schro¨er, Kac-Moody groups and cluster algebras, Adv. Math. 228 (2011), no. 1, 329–433.
[H] D. Happel, Triangulated categories in the representation theory of finite-dimensional algebras, London Mathematical Society
Lecture Note Series, 119. Cambridge University Press, Cambridge, 1988.
[HN] H. Hijikata, K. Nishida, Bass orders in nonsemisimple algebras, J. Math. Kyoto Univ. 34 (1994), no. 4, 797–837.
[IJY] O. Iyama, P. Jorgensen, D. Yang, Intermediate co-t-structures, two-term silting objects, τ -tilting modules, and torsion
classes, Algebra Number Theory 8 (2014), no. 10, 2413–2431.
[IK] O. Iyama, Y. Kimura, Torsion classes of noetherian algebras, in preparation.
[IR] O. Iyama, I. Reiten, Fomin-Zelevinsky mutation and tilting modules over Calabi-Yau algebras, Amer. J. Math. 130 (2008),
no. 4, 1087–1149.
26 Y. KIMURA
[IW] O. Iyama, M. Wemyss, Maximal modifications and Auslander-Reiten duality for non-isolated singularities, Invent. Math.
197 (2014), no. 3, 521–586.
[IY] O. Iyama, D. Yang, Silting reduction and Calabi–Yau reduction of triangulated categories, Trans. Amer. Math. Soc. 370
(2018), no. 11, 7861–7898.
[IY] O. Iyama, Y. Yoshino, Mutation in triangulated categories and rigid Cohen-Macaulay modules, Invent. Math. 172 (2008),
no. 1, 117–168.
[J] G. Jasso, Reduction of τ -tilting modules and torsion pairs, Int. Math. Res. Not. IMRN 2015, no. 16, 7190–7237.
[KY] B. Keller, D. Yang, Derived equivalences from mutations of quivers with potential, Adv. Math. 226 (2011), no. 3, 2118–2168.
[KV] B. Keller, D. Vossieck, Aislesinderivedcategories, Deuxie`me Contact Franco-Belge en Alge`bre (Faulx-les-Tombes, 1987),
Bull. Soc. Math. Belg. Ser. A40 (1988) 239–253.
[KM] Y. Kimura, Y. Mizuno, Two-term tilting complexes for preprojective algebras of non-Dynkin type, arXiv:1908.02424.
[M] Y. Mizuno, Classifying τ -tilting modules over preprojective algebras of Dynkin type, Math. Z. 277 (2014), no. 3-4, 665–690.
[R] J. Rickard, Morita theory for derived categories, J. London Math. Soc. (2) 39 (1989), no. 3, 436–456.
[RS] C. Riedtmann, A. Schofield, On a simplicial complex associated with tilting modules, Comment. Math. Helv. 66(1) (1991)
7–78.
[S] S. O. Smalø, Torsion theory and tilting modules, Bull. Lond. Math. Soc. 16 (1984), 518–522.
[SW] D. Stanley, B. Wang, Classifying subcategories of finitely generated modules over a Noetherian ring, J. Pure Appl. Algebra
215 (2011), no. 11, 2684–2693.
Fakulta¨t fu¨r Mathematik, Universita¨t Bielefeld, 33501 Bielefeld, Germany
E-mail address: ykimura@math.uni-bielefeld.de
